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Decision Trees: Summary
o A decision tree represents a function 𝑓: 𝑋 → 𝑌, where 𝑋 = attribute set, 𝑌 =decision set

o Tree Structure: Consists of a root node, internal nodes, and leaf nodes

ü Root and internal nodes: contain tests on attribute values

ü Branches: assign  attribute values

ü Leaf nodes: define the predictions 

o Predict input 𝒙: traverse the tree from root to leaf, output value at leaf

Ø Finding the smallest consistent decision tree for given training dataset is NP-Hard 

o Build a tree:
§ Manually, from prior knoledge
ü Learning from data
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Decision Trees: Summary
v Heuristics: Top-down tree construction, greedy stepwise selection of attribute to split data 

o Iteratively identify partitions of the data set, where inside a partition decisions are consistent with the 
training data → Partitions are (possibly) homogeneous with respect to the labels

ü Popular: ID3, C4.5, CART

Temperature? 
Humidity? 
Wind?

Temperature? 
Humidity? 
Wind?

Temperature? 
Humidity? 
Wind?

Ø Key problem: how to locally select the best attribute to split the data
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Decision Trees: Summary
o Classification: Greedy selection based on purity of generated partitions of the dataset (in terms of labels, 𝑌)

o Entropy 𝐻!(𝑌) as measure of purity of a set 𝑆 of labels 𝑌

o Information Gain: Difference between 𝐻!(𝑌) and weighted average entropy of partitions in the data split 
generated by selecting attribute 𝐴; weights are proportional to the number of examples in each partition

o ID3 Greedy selection: The attribute 𝐴 with the largest Information Gain

𝐻! 𝑌 = − .
"#$

#"&'(()(

𝑃 𝑌 = 𝑐 ln𝑃 𝑌 = 𝑐

𝑃 𝑌 = 𝑐 =
#𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠 𝑜𝑓 𝑐𝑙𝑎𝑠𝑠 𝑐

#𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠

𝑌 = {𝑐𝑖𝑟𝑐𝑙𝑒, 𝑐𝑟𝑜𝑠𝑠}

𝐺𝑎𝑖𝑛 𝑆, 𝐴 = 𝐻! 𝑌 − 𝐻! 𝑌 𝐴) →
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From entropy to information gain
Quiz: Compute Gains.

1. Parent 𝐻?

2. Child (up) 𝐻?

3. Child (down) 𝐻?

4. Information gain?

𝑆 = {16 𝑐𝑖𝑟𝑐𝑙𝑒, 14 𝑐𝑟𝑜𝑠𝑠}

𝐻! 𝑌 = − .
"#$

#"&'(()(

𝑃 𝑌 = 𝑐 ln 𝑃 𝑌 = 𝑐

𝑃 𝑌 = 𝑐 =
#𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠 𝑜𝑓 𝑐𝑙𝑎𝑠𝑠 𝑐

#𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠



6

From entropy to information gain
Quiz: Compute Gains.

1. Parent 𝐻?

2. Child (up) 𝐻?

3. Child (down) 𝐻?

4. Information gain?

𝑆 = {16 𝑐𝑖𝑟𝑐𝑙𝑒, 14 𝑐𝑟𝑜𝑠𝑠}

𝐻! 𝑌 = − .
"#$

#"&'(()(

𝑃 𝑌 = 𝑐 ln 𝑃 𝑌 = 𝑐

𝑃 𝑌 = 𝑐 =
#𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠 𝑜𝑓 𝑐𝑙𝑎𝑠𝑠 𝑐

#𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠
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What more about DTs?

o General properties of ID3?

o What about overfitting / generalization? → C4.5 improves ID3

o What about continuous features?

o What about regression tasks?

o What about other measures of purity?

o Scikit-learn methods?
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Properties of ID3
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Properties of ID3



10

Properties of ID3: Overfitting!

o Pruning by significance test
o Early stopping
o ….
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Overfitting: countermeasures (applies to all greedy approaches)
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Overfitting: countermeasures (applies to all greedy approaches)
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(Extras) Information Criteria (regularization approach)
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C4.5 (1992) improvement over ID3
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Example of a 2-feature DT classifier over complex data
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Real-valued attributes

Acceleration (time for going from 0 to 100 Km/h) 
is a real-valued attribute

𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 ∈ [0, 50]

Ø Problem: Infinite number of 
possible split values L

ü Workaround: The dataset is 
necessarily finite, such that 
only a finite number of 
relevant splits matter J

splits = {18.2,	15,	12.8,	…,	15.9}	
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Real-valued attributes
ü Workaround: The dataset is 

necessarily finite, such that 
only a finite number of 
relevant splits matter  

splits = {18.2,	15,	12.8,	…,	15.9}	

acceleration

18.2 15 12.8 … 15.9

Split at acceleration will look like this
Quiz: Is this fine?

1. Yes, I don’t see any problem
2. No, it wont’ work (explain why)

10 20 30 40 50 600

It won’t work: How do we answer a query for an input 
value of acceleration which is not the in the dataset?



18

Real-valued attributes

ü Workaround: Use ranges instead of 
single values?

splits = {≤ 10,	 10, 12.8 , (12.8,	13],	…,	≥ 18.6}	

acceleration

≤10 (10, 12.8] (12.8, 13] … ≥ 18.6

Split at acceleration will look like this

Quiz: Is this fine?
1. Yes, I don’t see any problem
2. Yes, in principle but I see potential problems 
3. No, it can’t work (explain why)

10 20 30 40 50 600

…

It might work, but branching can be very large, making the 
tree grow a lot: computational issues + poor generalization 
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Real-valued attributes

ü Workaround: Use range attributes and binary splits (yes / no)

splits = {Yes,	No}

Continuous attribute, 𝐴, get transformed in 𝑛 ranges:
A → {𝐴 < 𝑡!, 𝑡! ≤ 𝐴 ≤ 𝑡", … , 𝑡#$! ≤ 𝐴 ≤ 𝑡#}

𝑡% ≤ 𝐴 ≤ 𝑡%&!

yes no

Equivalently, we can use open ranges, < or ≥

How do we define thresholds 𝑡?
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Set of thresholds
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Set of thresholds
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Picking the best threshold
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Dataset with continuous attribute values
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DT with continuous attributes
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DT and Axis-aligned boundaries

o Remember the Iris dataset? (lecture 9)

o Here we show the classification DT 
trained with only two features for the
sake of visualization

o Changing the value the max depth 
constraint changes the amount of 
overfitting  and the classification 
accuracy (on the training set)

o Note that all features are continuous in 
this case, and the ≥ and ≤ binary tests 
generate axis-parallel continuous 
boundaries

o Discrete features would generate a
similar pattern but not continuous
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DT and Axis-aligned boundaries
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DT and Axis-aligned boundaries
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DT and Axis-aligned boundaries
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DT for Regression Tasks: Explanatory notes
Ø The same as in classification, the only difference is in how the selection of the best attribute is done 

𝑌 = {𝑐𝑖𝑟𝑐𝑙𝑒, 𝑐𝑟𝑜𝑠𝑠}
In classification, impurity of a partition indicates 
the certainty / reliability for issuing a decision out 
of a labeled dataset, and entropy is (commonly) 
used to measure the level of impurity 

o Set purity is related to labels: a labeled set is pure if all the entries in the set have the same label.

o If the elements in the set can take a discrete (a possibly small) number of labels, 𝑌 = {𝑦$, 𝑦<, ⋯ , 𝑦=}, 
asserting the purity can be done by counting the different labels and measuring their distribution.

Ø In regression, since the labels/values take  continuous values,  𝑌 ∈ (𝑦>?=, 𝑦>'@), we can’t really rely on 
counting the labels: most of the values/labels will be different from each other! But we can still reason on 
their distribution / spread over a continuous interval.

o A set 𝑆 whose elements have continuous labels / values, can be regarded as pure with respect to the 
labels/values when the labels are either all the same or do not differ too much from each other

Ø How do we quantify that do not differ too much from each other? → Measures of dispersion → Variance
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DT for Regression Tasks: a numeric example

𝑥$

𝑥<

0.52

0.71

0.85

0.49
0.66

2.25
3.01

1.99

3.87
12.46

4.46

9.32

10.11

4.21

3.87

o Regression problem: 𝑓: 𝑥$, 𝑥< → 𝑌 ⊆ [0,15]

o Circles represent training data

o Numbers in the circles are the continuous 
labels/values of each example

o The axis-parallel boundaries delimit decision 
regions learned by a regression decision tree

o Four partitions of the dataset have been 
learned, 𝑃$, 𝑃<, 𝑃A, 𝑃B

o Each partition groups data whose labels are 
homogeneous, more or less: labels have little 
spread as measured by their variance

𝑃$

𝑃< 𝑃A

𝑃B

𝜎" 𝑃! =
𝜇 𝑃! − 0.85 " + 𝜇 𝑃! − 0.52 " + 𝜇 𝑃! − 0.71 " + 𝜇 𝑃! − 0.49 " + 𝜇 𝑃! − 0.66 "

4 = 0.017

𝜇 𝑃! =
(0.85 + 0.52 + 0.71 + 0.49 + 0.66)

5
= 0.65
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DT for Regression Tasks: a numeric example

𝑥$

𝑥<

0.52

0.71

0.85

0.49
0.66

2.25
3.01

1.99

3.87
12.46

4.46

9.32

10.11

4.21

3.87

𝑃$

𝑃< 𝑃A

𝑃B

𝜎" 𝑃! = 0.017𝜇 𝑃! = 0.65

𝜎" 𝑃" = 0.536𝜇 𝑃" = 2.78

𝜎" 𝑃' = 1.778𝜇 𝑃' = 10.63

𝜎" 𝑃( = 0.058𝜇 𝑃( = 4.18

ü The variance in each partition is quite low:  
labels are quite homogeneous about their mean

E.g., the partition 𝑃$ ⋃ {10.11} would result in: 𝜎" 𝑃! = {10.11} = 12.45 → High variance, not a pure set 
in terms of continuous labels

Variance (or other measures of  spread) are good measures of set purity for continuos labels
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DT for Regression Tasks: a numeric example

𝑥$

𝑥<

0.52

0.71

0.85

0.49
0.66

2.25
3.01

1.99

3.87
12.46

4.46

9.32

10.11

4.21

3.87

𝑃$

𝑃< 𝑃A

𝑃B

ü How predictions are made in the decision tree?

Ø The rationale guiding tree construction was to 
define decision boundaries based on 
partitioning training data in low-variance groups

ü It is sound to use the sample mean of the 
training data in a region as predicted output

o Because of low variance, the sample mean is a 
good representative of the set!

• Prediction for any input vector  𝑎, 𝑏 ∈ 𝑃$? → 0.65
• Prediction for any input vector  𝑎, 𝑏 ∈ 𝑃<? → 2.78
• Prediction for any input vector  𝑎, 𝑏 ∈ 𝑃A? → 10.63
• Prediction for any input vector  𝑎, 𝑏 ∈ 𝑃B? → 4.18

Note: Other summary statistics such as the 
median or the mode can be used for predictions

𝜇 𝑃! = 0.65

𝜇 𝑃" = 2.78

𝜇 𝑃# = 10.63

𝜇 𝑃$ = 4.18
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DT for Regression Tasks: Dispersion to measure label purity

v DT for Regression, the algorithms:

ü Follow the same greedy top-down approaches described in the case of classification 

Ø Use measures of value dispersion for the labels (e.g., variance) to measure the purity of 
a partition and in turn assert quality / gain of an attribute split 

Ø Use the measured gain to guide the greedy decisions for selecting the best attribute for 
local splitting

In practice: 

§ Replace Entropy as a measure of set purity with a measure of dispersion for continuous values

§ Select the attribute that generates partitions with largest reduction in dispersion (on average)
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Reference measure of dispersion: Variance / Standard Deviation

$𝜎? =
1

(𝑛 − 1)
,
@AB

C

(-𝑦D − 𝑦@) ?

ü Variance – Given a set 𝑌 of possible continuous labels, 𝑌 ⊆ ℝ, and given a set 𝑆 of 𝑚
labeled examples, S = {𝑦B, 𝑦?, ⋯ , 𝑦C}, 𝑦@ ∈ 𝑌,  the sample variance $𝜎? 𝑆 , of 𝑆 wrt the 
label values:

-𝑦! =
1
𝑛
0
"#$

%

𝑦"

ü Standard Deviation works equally well / better:  $𝜎 = $𝜎? v If all samples have the 
same label,  1𝜎 = 0(linear in a scale transformation of the data)
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When to stop in the quest for purity?

Ø When to stop splitting a node? Is a partition pure enough or not?

v Classification: 

ü If labels are all the same, the partition is pure, decision will be consistent with the 
training data, no need to split further. 

q If labels are mixed, we can still decide to stop (e.g., to avoid the tree growing / 
overfitting) when the entropy of the set is below a certain threshold (e.g., since we 
know that for 𝑛 possible labels, entropy ranges from 0 to − ln !

"
we can set the threshold 

to some fraction of the maximum value, or above the minimum)
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When to stop in the quest for purity?

Ø When to stop splitting a node? Is a partition pure enough or not?

v Regression:

o Labels won’t be all the same (in general), since they are continuous values!

q We must set a threshold on the value of the used measure of purity (e.g., standard 
deviation, 𝜎) to decide if / when to declare a node a leaf.

ü For standard deviation, since 𝜎’s value depends on the scale of the labels in the set 𝑆, the 
coefficient of variation of the set is often used as an indicator for determining a threshold 
about splitting further or not:

𝐶𝑜𝑉 =
𝜎(𝑆)
|𝜇 𝑆 | × 100%

Note that 𝜎(𝑆) and 𝜇 𝑆 have the same units 
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When to stop in the quest for purity?

𝜎 𝑆CD = 0.15 𝜎 𝑆CE = 1.5

Attribute 𝐴

𝑆C

𝑇 𝐹

𝑆CD ⊆ 𝑆C 𝑆CE ⊆ 𝑆C

𝜎 𝑆C = 4.5

𝑆CD ∪ 𝑆CE = 𝑆C

Is this a leaf?
Should be stop here?
Is the set 𝑆CD pure enough? 

It doesn’t look as a leaf, maybe

𝜇 𝑆CD = 1.65

𝜇 𝑆CE = 4.02

CoV = 9%

CoV = 37%

E.g., if the threshold was set to 10%, this node won’t be expanded

This will be expanded
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(Extras) Measures of dispersion for continuous-valued variables

o There are various measures of statistical dispersion, in addition 
to Standard Deviation, they can be more or less robust to outliers 
and to deviations from normality assumptions in the data

https://en.wikipedia.org/wiki/Statistical_dispersion

Note: (Differential) Entropy can be defined and used  for real-valued random variables, but as some issues ...

https://en.wikipedia.org/wiki/Differential_entropy

https://en.wikipedia.org/wiki/Statistical_dispersion
https://en.wikipedia.org/wiki/Differential_entropy
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(Extras) Notes on Measures of dispersion for discrete-valued labels
o In addition to Entropy and Information Gain, other measures of purity / dispersion can and have been 

employed in the case of classification tasks (discrete-valued labels) 
o Two popular measures are Gain Ratio and Gini Index, that try to tackle some issues of Entropy and IG

v Gain Ratio (introduced in C4.5)

§ Motivation: IG doesn’t make any difference between attributes that split over a large number of partitions 
vs. attributes that are more parsimonious in branching. IG only measures the overall weighted average of 
the entropy of the partition set. However, attributes with  large number of children nodes (branching) 
make the tree growing more, and, therefore, are more likely to overfit rather than generalize. We can see 
an attribute with many possible labels as being a very specialized attribute, which might have the 
tendency to overfit when chosen. 

• If an attribute 𝐴 can take many values, it will split its data in multiple, possibly specialized partitions, 
where each partition has likely a low entropy, such that overall, the IG will be high.

• E.g.,  𝐴 = Credit card number, splitting on 𝐴 generates large number of partitions, one for each possible 
card number, each possibly identifying a very specific data example/person. Entropy of each partition 
will be low and the overall IG(𝐴) will be high. However, DT will grow large and it’ll likely overfit training 
data since it is using person-specific information → Not expected to generalize well.
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(Extras) Notes on Measures of dispersion for discrete-valued labels

v Gain Ratio (introduced in C4.5)

§ Idea: In order to minimize the risk of overfitting, bias the growth of the the decision tree against
choosing attributes with large number of distinct (highly specialized) values. 

§ Implementation: Measure the entropy of the overall splitting (SplitInfo) and use it to penalize splits with 
high split entropy, that correspond to the case of many specialized partitions, each with a low entropy

𝐺𝑎𝑖𝑛 𝑅𝑎𝑡𝑖𝑜 =
𝐼𝑛𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝐺𝑎𝑖𝑛

𝑆𝑝𝑙𝑖𝑡𝐼𝑛𝑓𝑜
=
𝐻! 𝑌 − 𝐻!(𝑌|𝐴)
𝐻 (𝑆𝑝𝑙𝑖𝑡 𝐴 )

=
𝐻! 𝑌 − 𝐻!(𝑌|𝐴)
∑?#$= 𝑤? ln𝑤?

𝑤? =
# 𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠 𝑖𝑛 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 𝑖

# 𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠 𝑖𝑛 𝑆

If 𝑆 is a labeled set, 𝑌 is the set of possible labels,  𝐴 is a candidate attribute to split 𝑆 on, and 𝑛 is the 
number of partitions that would be generated by 𝐴’s split:
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(Extras) Notes on Measures of dispersion for discrete-valued labels

v Gini Index (used in CART, it can be used both for classification and regression)

Gini Index is based on Gini’s measure of impurity of a labeled set 𝑆, for a set of possible labels 𝑌
§ Gini Impurity: Measure of impurity of a labeled set 𝑆 defined as one minus the sum of the squared class  

probabilities in the set (measured as frequencies)

𝐺𝑖𝑛𝑖 𝐼𝑚𝑝𝑢𝑟𝑖𝑡𝑦 (𝑆, 𝑌) = 1 − .
"#$

#"&'(()( ?= !

𝑝"< 𝑝" =
# 𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠 𝑜𝑓 𝑐𝑙𝑎𝑠𝑠 𝑐 𝑖𝑛 𝑆

# 𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠 𝑖𝑛 𝑆

• If only one label / class is present in 𝑆, Gini Impurity is 0. Then, it grows with 
the growth of the number of classes and based on how uniform they are in 𝑆

• If all classes/labels are equally spread in the set 𝑆,  𝑝" =
$

#"&'(()(
, and Gini’s 

Impurity grows with the number of classes as shown in the figure

Gini impurity is a measure of how often a randomly chosen element from 𝑆 would be 
incorrectly labeled if it was labeled according to the distribution of labels in the subset.
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(Extras) Notes on Measures of dispersion for discrete-valued labels

v Gini Index (used in CART)

§ Implementation: Gini Index is defined as the weighted sum of the Gini Impurity of the different 
partitions of 𝑆 after a split on an attribute 𝐴, where each portion is weighted by the ratio of the size of 
the partition with respect to the size of the parent dataset 𝑆. 𝑌 is the set of discrete labels.

𝐺𝑖𝑛𝑖 𝐼𝑛𝑑𝑒𝑥 𝑆, 𝐴 = .
F#$

#G'HI?I?J=(

𝑤F 𝐺𝑖𝑛𝑖 𝐼𝑚𝑝𝑢𝑟𝑖𝑡𝑦 (𝜋, 𝑌) 𝑤F =
# 𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠 𝑖𝑛 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 𝜋

# 𝑒𝑥𝑎𝑚𝑝𝑙𝑒𝑠 𝑖𝑛 𝑆

For a dataset 𝑆 with two classes, Gini’s Index ranges from 0 to 0.5: 0 if the dataset is pure, and 0.5 
if the two labels are distributed equally among the data. 

→ The attribute with the lowest Gini Index is used as the next splitting attribute
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DT for Regression Tasks
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DT for Regression Tasks vs. Max depth

o Number of partitions in the 
feature space  depend on the 
max depth parameter, that 
constrains the growth of the tree

o Dataset 𝐷 consists of 10 points  
→ it easy to overfit if we don’t 
constrain the DT

o The prediction in each region is 
the average of the values 𝑌 of the 
training points in the region

𝐷 = { [ 0.69, 1.08], [-0.05, 0.99], [ 1.3 , -0.49], [-1.87, -0.02], [ 1.23, 1.72], 
[ 0.26, -0.42], [-0.81, 1.9 ], [-1.81, 0.1 ], [ 1.96, -1.63], [-1.97, 1.25] }

𝑌 = { -7.3 , 1.68, 11.33, -25.33, -16.59, -5.12, -35.6 , -26.26, 2. , -49.47 }
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DT for Regression Tasks vs. Max depth
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DT for Regression Tasks vs. Max depth
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DT for Regression Tasks vs. Max depth

9 partitions out of 10 data points → Overfitting! 
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DT for Regression Tasks vs. Max depth

10 partitions out of 10 data points → Overfitting! 
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DT for Regression Tasks vs. Max depth

10 (different) partitions out of 10 data points → Overfitting! 
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DT for Regression Tasks: 1D example

o Training data points (the orange 
circles) have  been generated out of 
a periodic function adding some 
noise to target values.

o Green and blue regions indicate the 
partitions found by the DT with 
different max depths
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Do-it-yourself: Construct the classification decision tree

v Given the training dataset for the play tennis problem, construct 
by hand the full decision tree for the classification QuAM

o Use the Information gain to guide greedy attribute selection for 
splitting

1. Start by computing the entropy of the initial dataset, and proceed 
by computing the IG for all the attributes

2. Make the greedy selection and proceed until you reach leaf 
nodes that cannot or be expanded further

3. Draw the resulting decision tree with the decisions at the leafs

4. Report all numerical calculations

ü Suggestion: implement a simple python function that makes the 
compution of the entropies / IG for you J

ü The final tree consists of five leafs and two internal nodes
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Do-it-yourself: Construct the regression decision tree
v Given the training dataset for the play tennis problem, let’s 

consider the number of hours played, that now we want to use 
for prediction, making the problem a regression one.

o Use the Standard Deviation and the Coefficient of Variation to 
guide (and stop) greedy attribute selection for splitting

1. Start by computing the STD of the initial dataset, and proceed 
by computing the STD for all the attributes

2. Make the greedy selection and proceed until you reach leaf 
nodes that cannot  be expanded further based on CoV at 10%

3. Draw the resulting decision tree with the decisions at the leafs

4. Report all numerical calculations

ü Suggestion: implement a simple python function that makes the 
compution of STD and CoV for you J

ü The final tree should look like the one shown to the left


